
General Relativity

Solutions to HW 3

1. Particle collision
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2. Projection tensor
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3. Problems in Carroll:

GR Fall 2008

Homework 2 Solutions

October 6, 2008

2.4, Carroll
[X,Y ](f) ≡ X(Y (f))− Y (X(f)). (1)

Linearity:

[X,Y ](af + bg) = X(Y (af + bg))− Y (X(af + bg)). (2)

X and Y are vector fields and hence obey linearity etc., giving

[X,Y ](af + bg) = X(aY (f) + bY (g))− Y (aX(f) + bX(g)) (3)

= aX(Y (f)) + bX(Y (g))− aY (X(f))− bY (X(g)) (4)

= a[X,Y ](f) + b[X,Y ](g). (5)

Leibniz:

[X,Y ](fg) = X(Y (fg))− Y (X(fg)) (6)

= X(fY (g) + Y (f)g)− Y (fX(g) +X(f)g) (7)

= fX(Y (g)) +X(f)Y (g) +X(Y (f))g + Y (f)X(g)− (8)

−fY (X(g)− Y (f)(X(g)− Y (X(f))g −X(f)Y (g) (9)

= f [X,Y ](g) + ([X,Y ](g))f. (10)

Component formula:

[X,Y ] = [Xµ∂µ, Y
ν∂ν ] (11)

= Xµ∂µY
ν∂ν +XµY ν∂µ∂ν − Y ν∂νX

µ∂µ − Y νXµ∂ν∂µ (12)

= (Xµ∂µY
ν − Y µ∂µX

ν)∂ν . (13)

Tranformation as a vector field:

[X,Y ]ν = Xµ∂µY
ν − Y µ∂µX

ν (14)

=
∂xµ

∂xρ′ X
ρ′ ∂xλ′

∂xµ
∂λ′

∂xν

∂xσ′ Y
σ′ − ∂xµ

∂xρ′ Y
ρ′ ∂xλ′

∂xµ
∂λ′

∂xν

∂xσ′ X
σ′

(15)

=
∂xν

∂xσ′ X
ρ′
∂ρ′Y σ′ − ∂xν

∂xσ′ Y
ρ′
∂ρ′Xσ′

(16)

=
∂xν

∂xσ′ [X,Y ]σ
′
. (17)
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2.5, Carroll Any examples which work will do here, i.e., any two vector fields
which are non-zero everywhere and which do not commute will do. A simple
example is (y, 1) and (1, x).

2.6, Carroll

x(λ) = cos(λ), (18)

y(λ) = sin(λ), (19)

z(λ) = λ. (20)

In polar coordinates,

r(λ) =
√
x2 + y2 + z2 =

√
1 + λ2, (21)

θ(λ) = arctan

√
x2 + y2

z
= arctan

1

λ
, (22)

φ(λ) = arctan
y

x
λ. (23)

Tangent vectors are given by d~x
dλ . In cartesian coordinates the tangent vector is

(cos(λ),−sin(λ), 1) and in polar coordinates it is ( λ√
1+λ2

,− 1
1+λ2 , 1).
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2.6 Carroll:
x(λ) = cos(λ), y(λ) = sin(λ), z(λ) = λ

In polar coordinates,
r(λ) =

√
x2 + y2 + z2 =

√
1 + λ2

θ(λ) = arctan

√
x2 + y2

z2
= arctan

1

λ

ϕ(λ) = arctan
y

x
= λ

Tangent vectors are computed from dxµ

dλ
. In cartesian coordinates the tangent vector is

(− sin(λ), cos(λ), 1) and in spherical coordinates it is ( λ√
1+λ2 ,

−1
1+λ2 , 1).
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2.8 Carroll: Exterior derivative of wedge product
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