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4.
L =

m

2
(ṙ2 + r2θ̇2 + ż2) +

q

2
Br2θ̇.

a) If we go to Cartesian coordinates we find

m
dv⃗

dt
= qv⃗ × B⃗,

which shows that v⃗ has constant magnitude and just changes direction. It is clear that
vz = const since B⃗ = (0, 0, B), and that the particle moves in a circle if we project the
motion onto the xy-plane.
b) The EOM for r is

mr̈ − rθ̇(mθ̇ + qB) = 0.

In a coordinate system where r = 0 is the center of the orbit, we have ṙ = 0 = r̈. Hence

θ̇ = −qB/m

c)

H =
1

2m
[p2r + p2z + (pθ − qBr2/2)2/r2]

where pθ = mr2θ̇ + qBr2/2. Both pθ and pz are conserved.
d) The energy E = H is conserved and θ and z are cyclic. Thus S = W − Et, with

W = W ′ + pθθ + pzz.

Ansatz: W ′ = Wr(r)
We find

E =
1

2m

[
∂Wr

∂r

2

+ p2z + (pθ − qBr2/2)2/r2
]

and thus Wr indeed depends only on r and the constants E, pz and pθ:

Wr =

∫ √
2mE − [p2z + (pθ − qBr2/2)2/r2]dr

e) Since the problem is completely separable we can define 3 action variables, that are all
adiabatic invariants. Here we need only Jθ.

Jθ =

∮
pθdθ = 2πpθ

since pθ = const. If we combine θ̇ = −qB/m and pθ = mr2θ̇ + qBr2/2 from b) and c) we
find

pθ = −qBr2/2.

If B is slowly changed, Jθ and thus pθ is constant. I.e. −qBr20/2 = −q4Br2/2. So the radius
of the helix is r = r0/2 after B is increased by a factor of 4.
Similarly pz = const and Jz = 2πpz. Hence ż does not change.
From θ̇ = −qB/m, we know that θ̇ = 4θ̇0.
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