
Mechanics - PHY 6247

Solutions to HW 6

————————— P1——————————————
part a)

H = p2

2m
+ A(q)p+B(q)

the generalized velocity is : ∂H
∂pr

= q̇r

(1) q̇ = ∂H
∂p

= ∂
∂p

= p
m
+ A(q)

part b)
L =

∑
prq̇r −H

L = pq̇ −
[
p2

2m
+ A(q)p+B(q)

]
from (1) p = m (q̇ − A)

L = − p2

2m
+ p(q̇ − A)−B

L = − p2

2m
+ p2

m
−B

L = p2

2m
−B

now replace p = (q̇ − A)m from (1)

L = (q̇−A)2m2

2m
−B

L = 1
2
ṁq2 + 1

2
mA2(q)−mA(q)q̇ −B(q)
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————————— P2——————————————
–P2.a–
L′ = L+ dΛ

dt

(1)dΛ
dt

=
∑

i
∂Λ
∂qi
q̇i +

∂Λ
∂t

p = ∂L
∂q̇

p′ = ∂L′

∂q̇
= ∂

∂q̇

(
L+

∑
i
∂Λ
∂qi
q̇i +

∂Λ
∂t

)
p′ = ∂L

∂q̇
+ ∂

∂q̇

∑
i
∂Λ
∂qi
q̇i +

∂
∂q̇

(
∂Λ
∂t

)
Now by the definition Λ = Λ(q, t) ⇒ ∂

∂q̇

(
∂Λ
∂t

)
= 0 (2)

(3) p′i = pi +
∂Λ
∂qi

which is the requested relationship.
–P2.b–
prob 2.b)
H =

∑
pr ˙˙ − Lqr = p ˙q − L

H ′ =
∑
p′r

˙˙ − L′qr = p′q̇ − L′

replace (4) p′ = p+ ∂Λ
∂q

H ′ =
(
p+ ∂Λ

∂q

)
˙˙ − L− dΛ

dt
q

H ′ = (pq̇ − L) + ∂Λ
∂q
q̇ −

(
∂Λ
∂q
q̇ + ∂Λ

∂t

)
(5) H ′ = H − ∂Λ

∂t

prob 2.c
Hamiltonian eq of motions are
∂H′

∂qi
= −ṗ′i =

dp′i
dt

subst p′ = p+ ∂Λ
∂q

∂H′(q,p′)
∂qi

= ∂
∂qi

(H(q, p(p′, q))− ∂Λ
∂t
) = ∂H

∂qi
+ ∂H

∂pj

∂pj(p
′,q)

∂qi
− ∂

∂qi

(
∂Λ
∂t

)
= ∂H

∂qi
+ q̇j(− ∂

∂qi

∂Λ
∂qj

)− ∂
∂qi

(
∂Λ
∂t

)
−ṗ′i = − d

dt

(
pi +

∂Λ
∂qi

)
= −ṗi − ∂

∂qi

∂Λ
∂qj
q̇j − ∂

∂qi

(
∂Λ
∂t

)
Thus ∂H′(q,p′)

∂qi
= −ṗ′i gives ∂H

∂qi
= −ṗi, which means the EOM for ṗ is unchanged!

∂H′(q,p′)
∂p′i

= ∂
∂p′i

(H(q, p(p′, q))− ∂Λ
∂t
) = ∂H

∂pj

∂pj(p
′,q)

∂p′i
− ∂

∂p′i

(
∂Λ
∂t

)
= ∂H

∂pj
(δij − ∂

∂p′i

∂Λ
∂qj

)− ∂
∂p′i

(
∂Λ
∂t

)
.

Now note that ∂
∂p′i

Λ = 0. Thus∂H
′(q,p′)
∂p′i

= ∂H
∂pi

, so that ∂H
∂p′i

= q̇i gives
∂H
∂pi

= q̇i, which means

the EOM for q̇ is unchanged!
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————————— P3——————————————

L = m
2

[
(ẋ2 + ẏ2 + ẋ2) + 2ω(x

˙
ẏ − y ˙ẋ) + ω2(x2 + y2)

]
In the eqn above all symbols are meant to be primed as for instance ẋ2 = ẋ′2.
H =

∑
q̇ipi − L given pi =

∂L
∂q̇i

px =
∂L
∂ẋ

= mẋ−mωy
py =

∂L
∂ẏ

= mẏ +mωx

pz =
∂L
∂ż

= mż

H = ẋ (mẋ−mωy)+ẏ (mẏ +mωx)+mż2−
{
m
2

[
(ẋ2 + ẏ2 + ẋ2) + 2ω(x

˙
ẏ − y ˙ẋ) + ω2(x2 + y2)

]}
H = m(ẋ2 + ẏ2 + ˙z2)

[
1− 1

2

]
+mω(xẏ − y ˙x)(1− 1)− 1

2
mω2(x2 + y2)

H = 1
2
m(ẋ2 + ẏ2 + ˙z2) ˙−1

2
mω2(x2 + y2)

substitute the following into the above expression for H
px
m

+ ωy = ẋ
py
m

− ωx = ẏ
pz
m

= ż

H = 1
2
m

[(
px
m

+ ωy
)2

+
(py
m

− ωx
)2

+ p2z
m

]
˙−1

2
mω2(x2 + y2)

H = 1
2

(
p2x
m

+ p2z
m
+ p2z

m

)
+ 1

2
mω2 (x2 + y2) ˙−1

2
mω2(x2 + y2) + ω (pxy − pyx)

H = 1
2

(
p2x
m

+ p2z
m
+ p2z

m

)
+ ω (pxy − pyx)
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————————— P4——————————————
The Lagrangian is

L = 1
2
m1l

2
1θ̇

2
1+

1
2
m2

[
l1θ̇

2
1 + l2θ̇

2
2 + 2l1l2θ̇1θ̇2cos(θ2 − θ1)

]
+m1gl1cosθ1+m2g (l1cosθ1 + l2cosθ2)

∂L
∂θ̇1

= pθ1 = (m1 +m2) l
2
1θ̇1 +m2l1l2θ̇2cos(θ2 − θ1)

∂L
∂θ̇2

= pθ2 = m2l
2
2θ̇2 +m2l1l2θ̇1cos(θ2 − θ1)

l2θ̇2 =
pθ2
m2l2

− l1θ̇1cos(θ2 − θ1)

pθ1 = (m1 +m2) l
2
1θ̇1 +m2l1

[
pθ2
m2l2

− l1θ̇1cos
2(θ2 − θ1)

]
θ̇1 =

l2pθ1−l1pθ2cos(θ2−θ1)
l21l2{m1+m2[1−cos2(θ2−θ1)]}

l2θ̇2 =
pθ2
m2l2

− l1

[
l2pθ1−l1pθ2cos(θ2−θ1)
l21l2{m1+m2sin(θ2−θ1)}

]
cos(θ2 − θ1)

θ̇2 =
pθ2
m2l22

−
[
l2l1pθ1cos(θ2−θ1)−l

2
1pθ2cos

2(θ2−θ1)
l21l

2
2{m1+m2sin2(θ2−θ1)}

]
θ̇2 =

l21pθ2{m1+m2[sin2(θ2−θ1)]}−
m2l21l

2
2{m1+m2[1−cos2(θ2−θ1)]} −

m2l2l1pθ1cos(θ2−θ1)−m2l21pθ2cos
2(θ2−θ1)

m2l21l
2
2{m1+m2[1−cos2(θ2−θ1)]}

θ̇2 =
l21pθ2m1+m2l21pθ2sin

2(θ2−θ1)
m2l21l

2
2{m1+m2[1−cos2(θ2−θ1)]} −

m2l2l1pθ1cos(θ2−θ1)−m2l21pθ2cos
2(θ2−θ1)

m2l21l
2
2{m1+m2[1−cos2(θ2−θ1)]}

θ̇2 =
l21pθ2m1+m2l21pθ2sin

2(θ2−θ1)+m2l21pθ2cos
2(θ2−θ1)

m2l21l
2
2{m1+m2[1−cos2(θ2−θ1)]} − m2l2l1pθ1cos(θ2−θ1)

m2l21l
2
2{m1+m2[1−cos2(θ2−θ1)]}

θ̇2 =
l1pθ2m1+m2l1pθ2−m2l2pθ1cos(θ2−θ1)

m2l1l22{m1+m2[1−cos2(θ2−θ1)]}

θ̇2 =
(m1+m2)l1pθ2−m2l2pθ1cos(θ2−θ1)

m2l1l22(m1+m2sin2(θ2−θ1))

θ̇1 =
l2pθ1−l1pθ2cos(θ2−θ1)
l21l2(m1+m2sin2(θ2−θ1))

H = θ̇1pθ1 + θ̇2pθ2 − L
for convenience, from this point on pθ1 = p1; pθ2 = p2

H = −gl1 (m1 +m2) cosθ1 − gm2l2cosθ2 +
(m1+m2)l21p

2
2+m2p21l

2
2−2m2p1p2cos(θ1−θ2)

2l21l
2
2m2{m1+m2sin2(θ1−θ2)}

− ∂H
∂p1

=
[ ˙l1p2cos(θ1−θ2)−l2p1]
l21l2[m1+m2sin2(θ1−θ2)]

− ∂H
∂p2

= (m1+m2)l1p2−m2l2p1cos(θ1−θ2)
l1l22m2[m1+m2sin2(θ1−θ2)]

∂H
∂θ1

= −gl1 (m1 +m2) sinθ1− p1p2sin(θ1−θ2)
l1l2[m1+m2sin2(θ1−θ2)]+

sin(θ1−θ2)[(m1+m2)l21p
2
2+m2p21l

2
2−2m2p1p2cos(θ1−θ2)]

2l21l
2
2[m1+m2sin2(θ1−θ2)]

∂H
∂θ2

= +gl2m2sinθ − p1p2sin(θ1−θ2)
l1l2[m1+m2sin2(θ1−θ2)] +

sin(θ1−θ2)[(m1+m2)l21p
2
2+m2p21l

2
2−2m2p1p2cos(θ1−θ2)]

2l21l
2
2[m1+m2sin2(θ1−θ2)] ———
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—————— P5——————————————
T = 1

2
mẋ2

U = 1
2
k(x− l)2

L = T − U = 1
2
[mẋ2 − k(x− l)2]

px =
∂L
∂ẋ

= mẋ
ẋ = px

m

H =
∑
q̇ipi − L = mẋ2 − 1

2
[mẋ2 − k(x− l)2]

H = 1
2
[mẋ2 + k(x− l)2]

H = 1
2

[
p2x
m

+ k(x− l)2
]

Hamilton eq of motion
−∂H
∂qi

= ṗi ;
∂H
∂pi

= qi

−∂H
∂x

= ṗx = −k(x− l)
∂H
∂px

= ẋ = px
m
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————————— P6——————————————
L = aẋ2 + b ẏ

x
+ cẋ ˙y + fy2ẋż + gẏ2 − k

√
x2 + y2

P6.a) Find the Hamiltonian
(1)∂L

∂ẋ
= px = cẏ + 2aẋ+ fy2ż

(2)∂L
∂ẏ

= py =
b
x
+ cẋ+ 2gẏ

(3)∂L
∂ż

= pz = fy2ẋ
H =

∑
˙iqipi − L

H = ẋ(cẏ + 2aẋ+ fy2ż) + ˙ẏ
(
b
x
+ cẋ+ 2gẏ

)
+ ż (fy2ẋ)

−
[
aẋ2 + b ẏ

x
+ cẋ ˙y + fy2ẋż + gẏ2 − k

√
x2 + y2

]
H = 2aẋ2 + cẋẏ + fy2ẋż + b ẏ

x
+ cẋẏ + ˙2g ˙ 2y + fy2ẋż

−
[
aẋ2 + b ẏ

x
+ cẋ ˙y + fy2ẋż + gẏ2 − k

√
x2 + y2

]
H = xPx + ypy + pz ż −

[
aẋ2 + b ẏ

x
+ cẋ ˙y+pz ż + gẏ2 − k

√
x2 + y2

]
H = aẋ2 + cẋẏ + gẏ2 + fy2ẋż + k

√
x2 + y2

Collect ẋ
H = (aẋ+ cẏ + fy2ż)ẋ+ gẏ2 + k

√
x2 + y2

H = (aẋ+ cẏ + fy2ż)ẋ+ gẏ2 + k
√
x2 + y2

from (1) px − 2aẋ− fy2ż = cẏ
H = (aẋ+ px − 2aẋ− fy2ż + fy2ż)ẋ+ gẏ2 + k

√
x2 + y2

H = (−aẋ+ px)ẋ+ gẏ2 + k
√
x2 + y2

from (2)
(py− b

x
−cẋ)

2

4g2
= ẏ2

H = [−a (pz/fy2) + px] (pz/fy
2) + g

(
py − b

x
− cẋ

)2
+ k

√
x2 + y2

from (3) pz/fy
2 = ẋ

H = [−a (pz/fy2) + px] (pz/fy
2) + g

4g2

[
py − b

x
− c (pz/fy

2)
]2

+ k
√
x2 + y2

H = −ap2z/f 2y4 + pxpz/fy
2 + 1

4g

[
py − b

x
− cpz/fy

2
]2

+ k
√
x2 + y2

∂H
∂x

= ṗx =
kx√
x2+y2

+ b
2gx2

(
bp− b

x
− cpz

fy2

)
∂H
∂y

= ṗy =
4ap2z
f2y5

+
cpxp2z(py− b

x
− cpz
fy2

)

f2gy5
−

pxpz(py− b
x
− cpz
fy2

)2

2fgy3
+ ky√

x2+y2

b)
∂H
∂z

= ṗz = 0 hence pz is conserved.
∂H
∂t

= 0 hence H is conserved
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—————————P7——————————————
L = q̇21 +

q̇22
a+bq21

+ k1q
2
1 + k2q̇1q̇2

∂L
∂q̇1

= p1 = 2q̇1 + k2q̇2
∂L
∂q̇2

= p2 =
2q̇2
a+bq21

+ k2q̇1
solving for q̇1, q̇2we get

q̇1 =
2p1−k2p2(a+bq21)

4−k22(a+bq21)

q̇2 =
(k2p1−2p2)(a+bq21)

4−k22(a+bq21)
H =

∑
˙iqipi − L

H =
p21+p

2
2(a+b2q1)+k2p1p2(a+b2q1)

4−k22(a+b2q1)
− k1q

2
1

∂H
∂q1

= −ṗ1 = 2k1q1 − 2bq1(k2p1−2p2)
2

[4−k22(a+bq21)]
2

∂H
∂q2

= −ṗ2 = 0 p2 is conserved

∂H
∂p1

= q̇1 =
2p1−k2p2(a+bq21)

4−k22(a+bq21)
∂H
∂p2

= q̇2 =
(2p2−k2p1)(a+bq21)

4−k22(a+bq21)
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—————————P8——————————————
(1)∂L

∂θ̇
= pθ = Ixθ̇

(2)∂L
∂ϕ̇

= pϕ = (Ixsin
2θ + Izcos

2θ) ϕ̇+ ψ̇Izcosθ

(2)∂L
∂ψ̇

= pψ = Iz

(
ϕ̇cosθ + ψ̇

)
H =

∑
˙iqipi − L

H =
p2θ
2Ix

+ p2ψ

(
1
2Iz

+ cot2θ
2Ix

)
+

p2ϕ
2Ix
csc2θ − pϕpψcotθcscθ

Ix
+ gMrcosθ

∂H
∂θ

= −ṗθ =
(pψ−pϕcosθ)(pϕ−pψcosθ)

Ixsin3θ
−Mgrsinθ

∂H
∂ϕ

= −ṗϕ = 0 conserved
∂H
∂ψ

= −ṗψ = 0 conserved
∂H
∂pθ

= θ̇ = pθ
Ix

∂H
∂pϕ

= ϕ̇ =
(pϕ−pψcosθ)
Ixsin2θ

precession rate

∂H
∂pψ

= ψ̇ = −pψ
Iz

+
(pϕ−pψcosθ)
Ixsin2θ

cosθ spinning rate
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