Mechanics - PHY 6247
Solutions to HW 6

P1
part a)
H =2+ A(q)p + B(q)
the generalized velocity is : gTh: = ¢y,
g=9% =20 _24 4
L=3%pg —H

L =pj— [% +A(Q)P+B(Q)]
from (1)2p =m(¢—A)
L=-2+p(-—A) -B

2

L=-L 4+2_p
2

L =2 _
2m
now replace p = (¢ — A)m from (1)
[ = _p
L = gmiq” + 3mA*(q) — mA(q)q — B(q)



P2
-P2.a—
D—L+
A OA
(1)6(1175 - Zl Iq; qz + ot

p/:aan 8q<L+ZlanZ+6t>
p/_g_s+aqzzaq g + 6 (%jt\)

Now by the definition A Alg,t) = 2 () =0 (2)
(3) pf =i + 5o

which is the requested relationship.

~P2.b-

prob 2.b)

H=Yp —d=pg—L
=y —H=pq-L
— oA
replace (4) p' =p+ %
oA\ - d
.W=<p+%> —L-%
H' = (pg— L)+ % - (2q+2)
(5) H' = H — %

b2 "

prob 2.c

Hamiltonian eq of motions are

OH' . d_p;

oq; T dt

subst p' = p + %—A

q

OH'(g.p') _ OA\ _ OH | 0HOp;(P'@) _ & (8A\ _ OH _ d_OA d (9A

g (H(q p(r',q)) — ) = aql @%T—a—qi (5) = a—qﬂ' j(—a—%a—%)—aqi (E)
v aA _ ) o (dA

Thus %q_’p) = —pj; gives 5 aH —p;, which means the EOM for p is unchanged!

OH'(qp)) _ aA_aHB( 9 9 (A _ OH o OA o (A
) = (H(q.p(p'0) — %) b o o (5) = Gy O — ay0) — ay (%):

Now note that a ZA=0. ThusaHa /’p ) = g—f, so that a oW = = ¢; gives g—f = ¢;, which means

the EOM for ¢ is unchanged'



P3

L=12 {(:1:2 + 9?2 + 1?) + 2w(zy — yx) + w?(x® + QQ}

In the eqn above all symbols are meant to be primed as for instance > = 2.

szq}pi—Lgivenpizg—qﬁ
png—f’?:mi—mwy
Py = 5y = My +mwx

P:= 5 = mz

H = i (mz — mwy)+y (my + mwx)+m22—{% [(:B2 2+ 32) + 2w(ay — yi) + wi(a? + yQJ }
H =m(i? + 3% + 22) [1— 3] + mw(zy —yx)(1 - 15 — smw?(z? + y?)

H=1tm(i*+¢* + zé)—%mw2(x2 + y?)

2
substitute the following into the above expression for H

Prpwy=1a

B—wr=y

pe _

H=1im [(%—l—wyf-l— (%—wx)z—i-%g] —%ng(xQ—l—yQ)

H=3 (%‘i‘%“"%) + smw? (x2+y2)—%ﬁw2(x2+y2)—l—w(pmy—pya:)
2 2 2

H:%<%+%+%>+w(pxy—pyx)



P4

The Lagrangian is

L= %mllféf—i—%mg [lléf + lg@% + 211l29192003(92 — 91)} +myglicosd+moag (licosty + lacosts)

g—eﬁ =Py, = (m1 + mg) l%@l + m211l292003(¢92 — 91)

g—el.; = p92 = m2[292 + m211l291608(92 — (91)
lg@z = mgl — l191003(92 — 01)

po, = (my +mg) 1 0, + mol, [
9 _ lopg, —l1pgycos(02—01)
L= 1215{m1+ma[l—cos2(62—01)]}

) __ Poy lopg, —l1po,cos(B2—01) -
bty = o —h [l%lQ{m1+mzsin(92 oy | cos(f2 —61)

_l — 1191008 (92 — 91):|

m

9'2 _ Py |:l2llp91008(92—91)—l2p926082(92 91)]

mal2 1212{m1+masin2(02—061)}
0' - l%pQQ{ml—l-mg[sin2(€2—6’1)]}— _ mglgllpglcos(ﬂg 61)— m2l1p92cos2( —01)
2= mal213{m1+ma[l—cos?(02—61)]} mal212{m1+ma[l—cos?(02—61)]}
0, — Fpo, m1+malipe, sin®(62—01) m21211p01008(92 01)—m2l3pg, cos? (02—01)
2 7 mal2iZ{mi+ma[l—cos2(62—61)]} mal212{m1+ma[l—cos?(02—61)]}
9' o l%p92m1+m2l%p92sin2(02791)+m2l%p92cos2(92791) i m212l1p91608(92791)
2= malfl3{mi+ma[l—cos2(62—61)]} malfl3{mi+ma[l—cos2(62—61)]}

; l1pgym1+malipg, —malapg, cos(62—01)
02 = 2 2
m2l1l2{m1+m2[1—cos (92—01)}}
9’ _ (ma+m2)lipg, —malapg, cos(02—061)
2= m2l1l§(m1+m28in2(92—01))
; l2p91 —l1pg, cos(62—01)
01 = 2
12 lg(ml—i-mgszn (92 91))

H = 6ypg, + O2ps, — L
for convenience, from this point on py, = p1; pg, = P2

(m1 +mg)l%p2 —i—mgp1 l2 —2map1p2cos(61—02)
2l%l§m2 {mi1+masin?(61—02)}

H = —gly (m1 + m2) cosf; — gmalacosty +

8H __ [l{P2608(91*92)712p1]

8]71 - l%lg[m1+mzsin2(01792)}
__OH __ (ml4+m2)lipa—malapicos(61—02)

Ops l1l%m2[m1+m28in2(91—92)]
oH . p1p2sin(61—0o sin(61—02) | (m1+m2)I2p3+map3l3—2mapipacos(d1 —02)
20, — _gll (ml + TTL2) Sznel_lllg[m1+m2§in2(91)—€2)] [ 2l%l%[m1+mzszn2(91—02)] ]
OH _ Fglymysind — p1pasin(01—62) sin(01—02)[(m1+m2)3p3+mapl3—2maopipacos(01—02)]
805 211v2 l1l2[m1+masin2(01—02)] 20212 [m1+masin? (61 —02)]



T = imi?
U= Sk(x—1)?
L=T-U=3[mi*—k(z — 1)’

_ P

= > Gipi — L =mi? — § [ma? — k(z —1)?]

[ma? + k(z —1)?]
5 [% + k(x — 1)2]
Hamilton eq of motion

T mm
I

=N

oOH _ - .0H _
_gg_pzaapi = q;
—Sr =D = —k(z —1)
8Ha_ s . Pz
e LT

Px m



P6

L = ai? —I—by+cjsy+'fy 22+ gy? — k/2? + 92

)—U
=]
o

—_

~—~ o~
W DN
O —

IQ“ QIS%’I

5}
I

a)

o))
=

T =St

Find the Hamiltonian
= p, = cy + 2ax + fy*i
=p, =2+ ci+ 29y
=p. = fy T

= > iipi —

H = i(cy+ 2az + fy?2) + 3 (% + i+ zgy)+ 2 (fy?a)

— [a:fc? + 08 4 ciy + fy2ii + gy — k:\/m}

H = 2ai? + ciy + fy2is + L + cig+ 29§+ fyiis

— [a:tz + 0L + ciy + fy2ii + gy — k\/ﬁy?}

H =P, +yp, +p.% — [a:ﬁ +bY + ciytp. i + gy — k\/ﬁyﬂ

H = ai’® + ciy + gy + fy*ii + ky/2? + 12
Collect ©

H =

from (1) p, — 2ax — fy*2 = cy
(ax—l—px—an—fy 2+ fy22)d + gy* + k22 + y?

azc+px:z:+gy + ky/x? + y?

H =
H =

from

H =
H = apz/f2y4+pxpz/fy + 4

on
ox

(=
(

[

) T”) =y’

)

a(pz/fy )+ 2] (2 fY?) +
3) p:/fy? =i

a(p:/ fy*) + pal (p2/ [y )+

5 [Py

dap? cpzp2 (Py -2 fyzz )

(ax + cy + fy?2)d + gy* + k/22 + o2
= (a® + ¢y + fy*2)d + gy + k\/2? + y?

9yt — ) + kTR

i [Py =2 = e =/ 1Y) ]+ EVaT
— L op /) + R

___%
fy?

o kx

 peps(py—3—55)° ey

= py = 245 Zgy5

p. = 0 hence p. is conserved.

2fgy® \/x2+y2

%—If = 0 hence H 1is conserved



p7

2
L =G+ g + ki + kg

a+bq?
oL ] '
6_(1.1 =p = 2Q1 + k2q2
oL 2

— = 2 '
oGy P2 = a+bgi + kqu
solving for ¢y, gawe get

__ 2p1—kapa(atba})

N = TR (atbg)
_ (ka2p1—2p2) (atba})

qo = 4—k2(a+bg?)

H=>% 4pi— L

H= p3+p3 (a+b2qr ) +kapipz (a+b%q1)
— 4_k§(a+b2q1)
OH

— k1q?

2bg1 (k21 ~2p2)°

S — —p = 2k1q1 — [4,k22(a+btﬁ)]2
e = —P2 = 0 p2 is conserved

oH _ . _ 2p1—kapo(atbe})

ooy = 0 = 4k (atbg?)

OH - (2p2—k2p1) (a+bq?)

8_172 — QQ - 4,]@-% (a+b‘1%)



1)%

2) %

H=DI

P8

(
(2)2L a¢ = pg = (L5100 + I.cos*0) ¢ + 1 1.cos
(

Py =1, ((ﬁcos@ + 1/1>
H = Z iqipi — L

= —pg =

cot?0

+pw (ﬁ"' 2l >

+ —csc 20 —

(pw pd)cose) (p¢ —pwcosﬁ)

I sin360

= —pg = 0 conserved

5o = —py = 0 conserved

_ [ _ DPo
=0=1r

o _ G

_ =

(p¢ 7pwcose)
I.5in2%60

_ Py
Iz +

1. sin260

)

<p¢ —pyycost

— Mgrsinf

precession rate

cosf spinning rate

DDy cotdcsch
I

+ gMrcosf



