
Mechanics - PHY 6247

Solutions to HW 4

===================Prob 1====================
orthogonality cond: ATA = I = AAT

AT = A−1

Let A, B ortogonal
AAT = ATA = I = BBT = BTB
recall: (XY )T = Y TXT

(AB)(AB)T = ABBTAT = AIAT = AAT = I
The above proves that
the product of two orthogonal matrices is ortogonal itself.

===================Prob 2====================
X

′
= BXB−1 similarity transformation for the matrix X

Tr(X
′
) = Tr(BAB−1)

recall Tr(AB) = Tr(BA) ⇒
Tr[B(XB−1)] = Tr[(XB−1)B] = Tr(X)
this proves that Tr(BXB−1) = Tr(X)
or the trace of a matrix is invariant under similarity transformation

===================Prob 3====================
a matrix A is antisimmetric or skew symmetric if A = −AT
Let’s assume A

′
= BAB−1 where B is orthogonal BBT = I. Then

(A
′
)T = (BAB−1)T = (B−1)TATBT = BATBT = −BABT = −A′

.
Or using components, a matrix A is antisimmetric if
aij = −aji
prove that antysimmetry is preserved under a similarity transf
Let’s assume A

′
= BAB−1 where B is orthogonal BBT = I or

(bab−1)ij = bikaklb
−1
lj

b−1
lj = bjl
(bab−1)ij = b−1

ki (−alk)bjl = −b−1
ki alkbjl = −bjlalkb−1

ki

(bab−1)ij = −(bab−1)ji
which is the antysimmetric property is invariant under
similarity orthogonal transformation.
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===================Prob 4====================

we seek all the projection of ϕ̇ = ωϕ, θ̇ = ωθ, ψ̇ = ωψonto x,y,z
the so called space frame.
ωx = ϕ̇x + θ̇x + ψ̇x
ωy = ϕ̇y + θ̇ y+ ψ̇y
ωz = ϕ̇z + θ̇ z+ ψ̇z

(1)

It is possible to see the projections from the picture.

ωϕis parallel to z henceωϕ = ϕ̇

 0
0
1


ωθ is parallel to the line of nodes and orthogonal to z

henceωθ = θ̇

 cosϕ
sinϕ
0


ωψis parallel to z

′
hence ωψ =ψ̇

 sinθsinϕ
−sinθcosϕ

cosθ


now we can fill out (1) with the found projection.
ωx = 0 + θ̇ cosϕ+ ψ̇ sin θ sinϕ
ωy = 0 + θ̇ sinϕ− ψ̇ sin θ cosϕ
ωz = ϕ̇+ ψ̇ cos θ

===================Prob 5================
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===================Prob 6====================

M1 =

 0 0 0
0 0 −1
0 1 0

;M2 =

 0 0 1
0 0 0
−1 0 0

 ;M3 =

 0 −1 0
1 0 0
0 0 0


M1M2 −M2M1 =

 0 0 0
1 0 0
0 0 0

−

 0 1 0
0 0 0
0 0 0

 =

 0 −1 0
1 0 0
0 0 0


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