
1) M
−→
R =

∑
i mi

−→ri
2) M2R2 = (

∑
i mi

−→ri )(
∑

i mi
−→ri ) =

∑
ij mimj

−→ri · −→rj
3)∥−→ri −−→rj ∥

2
= r2ij = r2i + r2j − 2−→ri · −→rj

4) 1
2

(
r2i + r2j − r2ij

)
= −→ri · −→rj

now let’s plug 4) into 2) to substitute for −→ri · −→rj
M2R2 = 1

2

∑
ij mimj

(
r2i + r2j − r2ij

)
M2R2 = 1

2

∑
ij mimjr

2
i +

1
2

∑
ij mimjr

2
j − 1

2

∑
ij mimjr

2
ij

M2R2 = 1
2

∑
j mj

∑
i mir

2
i +

1
2

∑
i mi

∑
i mjr

2
j − 1

2

∑
ij mimjr

2
ij

M2R2 = 1
2
M

∑
mir

2
i +

1
2
M

∑
i mjr

2
j − 1

2

∑
ij mimjr

2
ij

M2R2 = M
∑

imir
2
i − 1

2

∑
ij mimjr

2
ij

So a = 1, b = −1/2, and r2ij = ∥−→ri −−→rj ∥
2

====================================
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We can use the following 5 coordinates to describe the system:
center of mass (x,y), orientation angle (θ), angles ϕ1,ϕ2

We have the 4 constraints:
−→v1 = −aϕ̇1r̂⊥ (1) and −→v2 = −aϕ̇2r̂⊥ (2),
where r̂ = (cosΘ, sinΘ), r̂⊥ = (− sinΘ, cosΘ)

Now −−→vCM =
−→v1+−→v2

2
∝ r̂⊥ and thus −−→vCM · r̂ = 0 (3)

Also −→v2 −−→v1 ∝ r̂⊥ and thus −→v2 −−→v1 = bΘ̇r̂⊥ (5).

In addition using (1) and (2) we find−−→vCM · r̂⊥ = −aϕ̇1+aϕ̇2

2
(6).

Now note that −−→vCM = (ẋ, ẏ).
Therefore (3) yields ẋ cosΘ + ẏ sinΘ = 0 (3b),
while (6) gives −ẋ sinΘ + ẏ cosΘ = −a

2
(ϕ̇1 + ϕ̇2) (6b).

From (5) we get (using (1) and (2)) −a(ϕ̇2 − ϕ̇1) = bΘ̇ (5b).

(3b) and (6b) can be written as
dx cosΘ + dy sinΘ = 0 and dx sinΘ− dy cosΘ = a

2
(dϕ1 + dϕ2).

(5b) can be integrated to yield a(ϕ1 − ϕ2) = bΘ− C.
qed.
====================================
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3.
1) d

dt

(
∂L

′

∂q̇i

)
− ∂L

′

∂qi
= 0

∂L
′

∂q̇i
= ∂

∂q̇i

(
L+ dF

dt

)
= ∂L

∂q̇i
+ ∂Ḟ

∂q̇i

Note: Ḟ = dF
dt

=
∑

i
∂F
∂qi

q̇i +
∂F
∂t
. Thus ∂Ḟ

∂q̇i
= ∂F

∂qi
as well as ∂

∂qj

dF
dt

=
∑

i
∂2F

∂qi∂qj
q̇i +

∂2F
∂t∂qj

.

We also note that d
dt

∂F
∂qj

=
∑

i
∂2F

∂qj∂qi
q̇i +

∂2F
∂qj∂t

, so that really ∂
∂qj

dF
dt

= d
dt

∂F
∂qj

.

The use of ∂Ḟ
∂q̇i

= ∂F
∂qi

leads to

∂L
′

∂q̇i
= ∂L

∂q̇i
+ ∂F

∂qi

2) d
dt

(
∂L

′

∂q̇i

)
= d

dt

(
∂L
∂q̇i

+ ∂F
∂qi

)
= d

dt

(
∂L
∂q̇i

)
+ d

dt

(
∂F
∂qi

)
3) ∂L

′

∂qi
= ∂

∂qi

(
L+ dF

dt

)
= ∂L

∂qi
+ ∂

∂qi

(
dF
dt

)
we plug in 2) , 3) into 1)

4) d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi
+ d

dt

(
∂F
∂qi

)
− ∂

∂qi

(
dF
dt

)
substituting d

dt

(
∂F
∂qi

)
= ∂

∂qi

(
dF
dt

)
into 4)

d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi
+ ∂

∂qi

(
dF
dt

)
− ∂

∂qi

(
dF
dt

)
= d

dt

(
∂L
∂q̇i

)
− ∂L

∂qi

which proves that
d
dt

(
∂L

′

∂q̇i

)
− ∂L

′

∂qi
= d

dt

(
∂L
∂q̇i

)
− ∂L

∂qi
=================================
4. using Lagrangian we can find the equations of motion for the double pendulum

a)
let’s assume q1 = θ1and q2 = θ2−→v1 = l1θ̇1θ̂1
v21 = l21θ̇

2
1
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−→v2 = l1θ̇1θ̂1 + l2θ̇2θ̂2

v22 = l21θ̇
2
1 + l22θ̇

2
2 + 2l1l1

−→̇
θ1 ·

−→̇
θ2

v22 = l21θ̇
2
1 + l22θ̇

2
2 + 2l1l1θ̇1θ̇2cos(θ1 − θ2)

T = 1
2
m1v

2
1 +

1
2
m2v

2
2 = 1

2
m1l

2
1θ̇1

2
+ 1

2
m2

[
l21θ̇1

2
+ l22θ̇

2
2 + 2l1l2θ̇1θ̇2cos(θ1 − θ2)

]
U = −(gm1l1cosθ1 + gm2l1cosθ1 + gm2l2cosθ2)

L = T −U = 1
2
m1v

2
1+

1
2
m2v

2
2 = 1

2
m1l

2
1θ̇1

2
+ 1

2
m2

[
l21θ̇1

2
+ l22θ̇

2
2 + 2l1l2θ̇1θ̇2cos(θ1 − θ2)

]
+(m1+

m2)gl1cos(θ1) +m2gl2cos(θ2)
b)
∂L
∂θ̇1

= m1l
2
1θ̇1 +m2l

2
1θ̇1 +m2l1l2θ̇2cos(θ1 − θ2)

d
dt

(
∂L
∂θ̇1

)
= l21θ̈1(m1 +m2) +m2l1l2θ̈2cos(θ1 − θ2)−m2l1l2θ̇2(θ̇1 − θ̇2)sin(θ1 − θ2)

∂L
∂θ1

= −m2l1l2θ̇1θ̇2sin(θ1 − θ2)− (m1 +m2)gl1sin(θ1)
∂L
∂θ̇2

= m2l
2
2θ̇2 +m2l1l2θ̇1cos(θ1 − θ2)

d
dt

(
∂L
∂θ̇2

)
= m2l

2
2θ̈2 +m2l1l2θ̈1cos(θ1 − θ2)−m2l1l2θ̇1(θ̇1 − θ̇2)sin(θ1 − θ2)

∂L
∂θ2

= m2l1l2θ̇1θ̇2sin(θ1 − θ2)− gm2l2sinθ2
First eq of motion is
d
dt

(
∂L
∂θ̇1

)
− ∂L

∂θ1
= 0

l21θ̈1(m1 + m2) + m2l1l2θ̈2cos(θ1 − θ2) + m2l1l2θ̇
2
2sin(θ1 − θ2) − m2l1l2θ̇2θ̇1sin(θ1 − θ2) +

m2l1l2θ̇1θ̇2sin(θ1 − θ2) + (m1 +m2)gl1sin(θ1)
1) l1θ̈1(m1 +m2) +m2l1l2θ̈2cos(θ1 − θ2) +m2l1l2θ̇

2
2sin(θ1 − θ2) + (m1 +m2)gl1sin(θ1) = 0

the second eq of motion is
d
dt

(
∂L
∂θ̇2

)
− ∂L

∂θ2
= 0

2) m2l
2
2θ̈2 +m2l1l2θ̈1cos(θ1 − θ2)−ml1l2θ̇

2
1sin(θ1 − θ2) + gm2l2sinθ2 = 0

these two equations are coupled equations
====================================

It is assumed that we are working with vectors and can avoid using arrows notation.
r = r1 − r2
MR = m1r1 +m2r2
MR = mr1 +m(r1 − r)
MR = r1(m1 +m2)−m2r
1) r1 = R + m2

M
r
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MR = m1(r2 + r) +m2r2
MR = r2(m1 +m2) +m1r
2) r2 = R− m1

M
r

T = 1
2
(m1ṙ1

2 +m2ṙ2
2)

3)ṙ1
2 = (Ṙ + m2

M
ṙ)2

4)ṙ2
2 = (Ṙ− m1

M
ṙ)2

replace 3) and 4) in the kinetic energy

T = 1
2

[
m1

(
Ṙ + m2

M
ṙ
)2

+m2

(
Ṙ− m1

M
ṙ
)2
]

m1

(
Ṙ + m2

M
ṙ
)2

= m1Ṙ
2 + ṙ2

m1m2
2

M2 + 2m1m2

M
(Ṙ · ṙ)

m2(R− m1

M
r)2 = m2Ṙ

2 + ṙ2
m2m2

1

M2 − 2m1m2

M
(Ṙ · ṙ)

T = 1
2

[
Ṙ2(m1 +m2) + ṙ2

(
m1m2

M2

)
(m1 +m2)

]
µ =

(
m1m2

m1+m2

)
is the reduced mass

T = 1
2
ṀR

2
+ ˙1

2
µr

2

finally the Lagrangian is
L = T - U
L = 1

2
ṀR

2
+ 1

2
µṙ2 − U(r)

∂LṘ = MṘ
∂LR = 0
d
dt
(∂LṘ) = MR̈

d
dt

(
∂L
∂Ṙ

)
− ∂L

∂R
= 0

MR̈ = 0 which means the velocity of the center of mass is a constant of the motion
∂Lṙ = µṙ
d
dt
(∂Lṙ) = µr̈

∂Lr = −∂U(r)
µr̈ = −∂U(r)
Like a particle of mass µmoving in a potential U(r)
===================================

a)
Let’s assume q1 = R and q2 = θ, where R is the displacement of the bead measured along
the wire.
θ̇ = ω
T = 1

2
mv2 = 1

2
m(Ṙ2 + ω2R2 sin2 α)

U = mgR cosα
L = T − U = 1

2
m(Ṙ2 + ω2R2 sin2 α)−mgR cosα

b)
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∂L/∂Ṙ = mṘ
d
dt
(∂L/∂Ṙ) = mR̈

∂L/∂R = mω2R sin2 α−mg cosα
the eq of motion is:
d
dt
(∂L/∂Ṙ)− ∂L/∂R = 0

mR̈−mω2R sin2 α +mg cosα = 0
=======================================
ALTERNATIVE: polar coords:
use z = R cosα
L = 1

2
m( ż2

cos2 α
+ ω2z2 tan2 α)−mgRz
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