1. Prove that the magnitude R of the position vector for the center of mass from an arbitrary
origin is given by the equation

MERE=M Z m; rzi -1/2 Z‘J mj m rzij
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2) M2R? = (3, mi 7)) (3o, miTy) = 3o, mamy 7, - 75
3)||7>—7“;|| =1 =r? 4} - 27 7]

4) 3 (rF+13 2]) =7 é
now let’s plug 4) into 2) to substitute for 77 - E)
2p2 _ 1
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M?R? = %MZmzrz - %M PO TR D mimjrfj

M?R?* =My, myr? — 1 Zij mimjrfj

Soa=1,b=-1/2, and r}; = = |7 — r]||

2. Two wheels of radius @ are mounted on the ends of a common axle of length b such that the
wheels rotate independently. The whole combinadon rolls without slipping on a plane. Show
that there are two nonholonomic equations of constraint,

cos dx+sin® dy=0
sin @ dx —cos 0 dy = a/2 (d¢ + d¢)

(where 0, ¢, and ¢’ are similar in meaning as for the case of a simple disk rolling on a planeand x
and y are the coordinates of a point on the axle midway between the two wheels) and one
holonomic equation of constraint

0=C-a/b (-9

where C is a constant.



Speeds :I}f the two wheels are parallel: we can
F 2 drop ve;x:tt:rr notation
\ Ny
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We could consider wheel1{W1) asif it were ! P i
the center of instantaneous rotation, while vheel2{W2) Wy -\_w_v B

Rotates about W1 at a speed vr = v2-vl A E

Center of rotation \Ei

We can use the following 5 coordinates to describe the system:
center of mass (x,y), orientation angle (6), angles ¢1,¢9
We have the 4 constraints:

U7 = —agirL (1) and B3 = —agery (2),
where 7 = (cos ©,sin©), r| = (—sin©, cos O)

= | ~ ~
Now vcp; = U322 oc 1y and thus veag - 7 = 0 (3)

Also 75 — o7 o 7, and thus 5 — o7 = bOr, (5).

In addition using (1) and (2) we findocy; - 1L = —W1—J;’¢2 (6).
Now note that v = (Z,9).

Therefore (3) yields @ cos © + 7sin© = 0 (3b),

while (6) gives —2sin © + g cos © = —5(¢1 + ¢2) (6b).

From (5) we get (using (1) and (2)) —a(¢s — ¢1) = 0O (5b).

(3b) and (6b) can be written as

dz cos© + dysin® = 0 and drsin© — dycos © = 5(do; + dea).
(5b) can be integrated to yield a(¢y — ¢2) = b0 — C.

qed.



4. Iflisalagrangian for a system of n degrees of freedom satsfying Lagrange’s equations, show
by direct subsutution that

dF(g,,-...q,.1)
dr

L'=L+

also sadsfies Lagrange’s equations where I is any arbitrary, but differentiable, functions of its
3 arguments.

va (oL’ _ oL _

1)dt (8%‘) 0q; =0
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dq; — 9dqi dat ) 311' dqi
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Note: F' = ﬂ =y, 5 di 8F . Thus 8F gF as well as 8‘9 % =>. a‘ziézjqi—i- _8atal;‘

8 dr __ d oF

dOF _ 2F
We also note that - o4, = ZZ aq;00, 1i + aq 8t’ so that really 5 ;dt — dtog; -

The use of g—g = 92 Jaads to

9q;
oL _ oL | oF
9q; 9q; 9q;

d (oL’ _ 4 (oL | oF d (oL d ((oF
24 (%) =4 (5 +5) = & (3) +4 (5)
oL’ _ o dF\ _ 9L o (dF
3) 5 = e L+ %) = 5y + aq (%)
we plug in 2) , 3) into 1
d (oL oL | d (oF 8 (dF
4) dt (aq;) 9 +u <8qi) g (E)
substituting 4 (g—i) = a%- (4F) into 4)
d (oL oL | 0 (dF 8 (dF d (oL IL
(aql> — 5 T og (&) — o (%) E(%) ~ o
Wthh proves that
d oLy _oL _ d(oL) _ oL
dt (5%‘) dq; — dt < q'z') 9q;

a)
let s assume q; = f1and g = 05
’U1 = l10181

1242
Ul—l191



v3 = 10,0, + 16,0, RN
v2 = 1202 + 1262 + 21114 01 - 0,
V3= 1202 1292 + 2l1l10192cos(€1 6)
T = Imyw? + Limge? = 1,y 126, + 1m, [129'12 + 1262 + 201150, 65c08 (0, — 92)]
U= (gm11100391 + gmolicost + gmzlgcosﬁz)
L=T-U = jmvi+imgvi = §m1l%91 +2mo [1%912 + 1202 + 211150, 05c05(0; — 92)] +(my+
ma)glicos(01) + maglacos(6s)

b)

:;)_L = m1l291 + m2l 91 + m2l1l292003(91 6)

% (g_eLl) = 1%91(7711 +ma) + m2l1l292008(91 — ) — mzl1l292(91 — éQ)Sin(el —6s)
g_(i = —mollo61055in(01 — 05) — (my + ma)glysin(6y)

2 = mol3f; + malila6:cos (6, — 0,)

d (BL) - mzl%é'z + m2l1l2é1cos(91 —06y) — m2l1l291(91 — 92)8in(91 —0y)

a6
gOLz - m2l1l291923m(91 — 03) — gmalasindy

First eq of motion is
d (o _
i (o) —w=0 | -
l%@l(ml + mz) + m2111292cos(91 — 92) + m2l1129§sin(91 - 92) — m2l1l29291sin(01 — 92) +
mzllbﬁlezsin(el — 92) (m1 + mg)gllsm(ﬁl)
1) l191(m1 + mz) + m2l1l202cos(91 92) + m211l2925m(01 ‘92) + (m1 + mg)gllsm(el) =0
the second eq of motion is
d (oL oL __
i ()~ =0 |
2) mal30s + malylabicos(0) — 02) — mlyls02sin(0) — 03) + gmalssinfy = 0
these two equations are coupled equations

It is assumed that we are working with vectors and can avoid using arrows notation.
rTr=7T1—Tg

MR = myry + Mars

MR =mry +m(r; — 1)

MR = rl(ml + mz) — MaT

1)rl =R+ 2r



MR =my(ry + 1) + mary

MR = ry(mq +mg) +myr
2)ro=R— %r

T = %(ml'r’l + TTLQT‘22)

3)r% = (R4 227)?

47?2 = (R — ’]’\‘417")2

replace 3) and 4) in the kinetic energy

T= ;{ (R+m2r) + my (R—%f*)j
2+

2
my (R %r) =m R? + r2m1m2 + 2mlmz(R 7)
ma(R — B4r)? = my R? 4 272 QO% — 2y (R-7)

T % Rz(ml + m2) + 7.“2 (%) (m1 + mg)]

W= <%> is the reduced mass
. o -2

T=1MR +ipr

finally the Lagrangian is

L=T-U

L=1MR + 3 - U(r)

OLjp = MR

OLr =0 )

% (OLp) = MR

d (a_L> _9L _

dt \ OR OR

MR = 0 which means the velocity of the center of mass is a constant of the motion

% (OLy) = i

0L, = =oU(r)

uit = —0U(r)

Like a particle of mass pmoving in a potential U(r)

£ m
6. A bead of mass m shides along a straight wire which makes an angle and J
rotates with constant angular velocity . Find the Lagrange’s equations of
motion.

a)
Let’s assume ¢; = R and ¢o = 6, where R is the displacement of the bead measured along
the wire.

0=w

T = tmv? = Im(R? + w?R?sin® @)

U=mgR cosa
L=T-U=1im(R®+w?R?sin®a) — mgR cos a
b)



OL/OR = mR

4(QL/OR) =mR

OL/OR = mw?Rsin® a — mg cos a
the eq of motion is:

4(9L/OR) — OL/OR =0

mR — mw?Rsin? a +mgcosa = 0

ALTERNATIVE: polar coords:

use z = Rcosa

L = im(Z= + w2’ tan® @) — mgRz
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