
Numerical Relativity - PHY 6938

Solutions to HW 6

1. This problem is actually quite lengthy. Here we give only the outline of a straightforward
brute force attack.
Start with

Rab = ∂cΓ
c
ab − ∂aΓ

c
cb + Γc

abΓ
d
cd − Γc

dbΓ
d
ca

rewrite in terms of Γabc:

Rab = ∂c(g
ceΓeab)− ∂a(g

ceΓecb) + gceΓeabg
dfΓfcd − gceΓedbg

dfΓfca

If we insert the definition of Γabc, we get lots of terms with first and second derivatives of
the metric gab, but we also have derivatives of the inverse metric of the form ∂ag

ce from the
first 2 terms in Rab. Convert these terms into derivatives of the metric using

∂ag
bc = −gbdgce∂agde.

After this we have only the inverse metric gce and first and second derivatives of the metric
gde in Rab.
Now use the same approach on the equation

R′
ab = −1

2
gcd∂c∂dgab +∇(aΓb) + gcdgef

(
∂egca∂fgdb − ΓaceΓbdf

)
as given in the problem. Again we obtain an expression in terms of the inverse metric gce

and first and second derivatives of the metric gde in R′
ab. If we subtract Rab from R′

ab and
rename some dummy indices we obtain zero. This proves that the expression R′

ab is indeed
the Ricci tensor.

2. □xα = gµν∇µ∇νx
α.

a) □xα = 1√
|g|
∂µg

µα

b) □xα = gµν(∂µ∇νx
α − Γλ

µν∇λx
α) = gµν(∂µδ

α
ν − Γλ

µνδ
α
λ ) = −gµνΓα

µν = −Γα

c) Note that ∇µnµ = ∇µ(−α∇µt) = −α∇µ∇µt− (∇µα)∇µt = nν□xν + (nµ∇µα)/α
We then find

(£t −£β)α = −α2(nµ□xµ +K),

where nµ□xµ = −α□xt

d) First note that for any scalar function f : γµν∇µ∇νf = γµνgµ
′

µ ∇µ′(gν
′

ν ∇ν′f) = γµνγµ′
µ ∇µ′([γν′

ν −
nνn

ν′ ]∇ν′f) = γµνγµ′
µ [∇µ′(γν′

ν ∇ν′f)−∇µ′(nνn
ν′∇ν′f)] = γµν [DµDνf−γµ′

µ ∇µ′(nνn
ν′)(∇ν′f)−

0] = γµν [DµDνf − γµ′
µ [(∇µ′nν)n

ν′ + 0](∇ν′f)] = γµνDµDνf − γµνγµ′
µ (∇µ′nν)n

ν′(∇ν′f) =

γµνDµDνf +Knν′∇ν′f = γklDkDlf +Knν∇νf .
For f = xi we thus get: γµν∇µ∇νx

i = γklDl∂kx
i + Knν∇νx

i = γkl(∂l∂kx
i −(3)Γj

kl∂jx
i) +

Knν∇νx
i = γkl(∂lδ

i
k −(3)Γj

klδ
i
j) +Knν∇νx

i = −γkl (3)Γi
kl +Knν∇νx

i = −(3)Γi +Knν∇νx
i.

Also nµnν∇µ∇νx
i = nµ∇µ(n

ν∇νx
i)− (nµ∇µn

ν)∇νx
i, where nµ∇µn

ν = Dν lnα.
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Now note that nν∇νx
i is a scalar with the value nν∇νx

i = nνδiν = ni = −βi/α. Thus

nµ∇µ(n
ν∇νx

i) = nµ∂µ(n
i) = n0∂tn

i + nk∂kn
i = − 1

α2∂tβ
i + βi

α3∂tα − βk

α
(− 1

α
∂kβ

i + βi

α2∂kα) =
1
α2 (−∂tβ

i+βi∂t lnα+βk∂kβ
i−βkβi∂k lnα) =

1
α2 (−∂tβ

i+βk∂kβ
i)+ βi

α2 (∂t lnα−βk∂k lnα) =
βi

α2d0 lnα− 1
α3d0β

i where d0 := ∂t − βk∂k.

Putting all this together nµnν∇µ∇νx
i = βi

α3 (d0α)− 1
α2d0β

i−Di lnα, so finally □xi = −(3)Γi+

Knν∇νx
i − βi

α3d0α + 1
α2d0β

i +Di lnα, which we rewrite as

d0β
i = α2(□xi +(3)Γi +Kβi/α) +

1

α
βid0α− αDiα

Note that γi
µ□xµ = (giµ + ninµ)□xµ = □xi + ninµ□xµ. Thus using nµ□xµ = − 1

α2 (£t −
£β)α−K form 2.c) we find

γi
µ□xµ = □xi + (βi/α)(

1

α2
d0α +K) = □xi +Kβi/α +

βi

α3
d0α

Thus d0β
i = α2(γi

µ□xµ − βi

α3d0α +(3)Γi) + 1
α
βid0α− αDiα = α2(γi

µ□xµ +(3)Γi)− αDiα.

We now rewrite (3)Γi = γkl (3)Γi
kl = γklγij (3)Γjkl = γklγijΓjkl = γiργµνΓρµν which holds

because (3)Γjkl = Γjkl, which in turn is true because γkl = gkl. So finally we get:

(∂t − βk∂k)β
i = α2(γi

ν□xν + γijγklΓjkl)− αγij∂jα

3. Generalized Harmonic formulation:
Choose coordinates such that

gαβ□xβ = Hα,

where Hα = Hα(t, x
i, gµν) are functions that can be freely chosen.

a) Using our results from 1. & 2. we find:

(∂t − βk∂k)α = −α(Ht − βiHi + αK)

(∂t − βk∂k)β
i = αγij[α(Hj + γklΓjkl)− ∂jα]

b) The Einstein equations are

−1

2
gcd∂c∂dgab −∇(aHb) + gcdgef

(
∂egca∂fgdb − ΓaceΓbdf

)
= 8π

(
Tab −

1

2
gabT

)
where we have the constraint

Γα = −Hα.

c) We choose coodinates by specifying Hα. The resulting system of equations is manifestly
symmetric hyperbolic because it has the same principal terms (highest derivative terms) as
a wave equation for each metric component gab. This is important, because it implies that
the system is well-posed.
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