Numerical Relativity - PHY 6938
Solutions to HW 6

1. This problem is actually quite lengthy. Here we give only the outline of a straightforward
brute force attack.
Start with

Rap = 9.5, — 916, + Ty Tay — TG

ca

rewrite in terms of I'gp.:
Rab = ac(gcereab) - 8a(gcerecb) + gcereabgdfrfcd - gceredbgdfrfca

If we insert the definition of I'y., we get lots of terms with first and second derivatives of
the metric g5, but we also have derivatives of the inverse metric of the form 9,9 from the
first 2 terms in R,,. Convert these terms into derivatives of the metric using

99" = — 4" 9 OuGe-

After this we have only the inverse metric ¢ and first and second derivatives of the metric
Jde in Rab-
Now use the same approach on the equation

1
b = —59‘:‘18@%9@ + Vil + 6“9 (0egeads g — TaceLvay)

as given in the problem. Again we obtain an expression in terms of the inverse metric g«
and first and second derivatives of the metric g4 in R),. If we subtract R, from R/, and
rename some dummy indices we obtain zero. This proves that the expression R/, is indeed
the Ricci tensor.

2. Oz* = ¢g"'V ,V, 2.
a _ _1 o
a) Oz = 7a g~
b) Oz = ¢ (0, V,x* — I’;\WV,\xQ) = ¢" (0,05 — Fﬁyéi“) = —g"Ty, = -1
c¢) Note that V#n, = V#(—aV t) = —aV*V t — (V*a)V ,t = n,02" + (n"V,0)/a
We then find
(£r— £5)a = —a*(n,02" + K),

where n,Oz* = —alz!

d) First note that for any scalar function f: vV ,V,f = Wg;;’v,ﬂ (¢V'V o, f) = 7‘“’%‘/ V(Y -
nzxnyl]vv/f> = ’y'uyfyﬁl [vu/ (75/v1//f) _vu’<nl/nylvy’f)] = ’ym/ [D,LLDVf_fYﬁ,vu/(nunyl)(vu’f) -

0] = Y [DuDyf — A [(Vun)n” + 0)(Vy )] = " DuDyf — ¥4 (Vuny)n” (Vo f) =
YD, D, f + Kn"'V, f =4*DyD,f + Kn*V,f.

For f = 2! we thus get: vV, V2! = V" Ddpr’ + Kn'V,a' = y*(90p2" = T,0;2%) +
Kn*V,zt = ~*(9,65 —© Filtﬁ-) + Kn*V, 2t = —* Ot + Kn*V,2' = —OTI' + Kn*V 2.
Also n#n*V ,V,z' = n*V ,(n"V,z') — (n*V,n")V, 2", where n*V,n” = D" Ina.



Now note that n”V,z" is a scalar with the value n*V,z* = n”6’ = n' = —f'/a. Thus
n*V,(n*V,yat) = ntd,(n") = n"on’ + nFopn’ = —50,8" + 5—;&04 — %(—é@kﬂi + f—gﬁka) =
(=08 + B0, ma+ BB — B0 na) = (=05 + 505 + L5 (O Ina— 5, Ina) =
5—;d0 Ina — —5do 5" where dy := 0, — 3*0y.

Putting all this together n#n*V,V, 2 = 2 (dya) — Ldof' — D' In o, so finally Oa' = G0

Kn*V,x' — g—;doa + —5dof8" + D' In o, which we rewrite as
doff’ = &2(Oz' 40T + KB /) + —B'doa — aD'ax
a

Note that ~,0z* = (g, + n'n,)0z* = Oz* + n'n,Oz*. Thus using n,0z" = —5(£; —
£3)a — K form 2.c) we find

7, Bx" = Oz" + (Bl/a)(ﬁdoa + K)=0z'+ Kf'Jao + %doa

Thus dof* = o (v, Ozt — %dga +OT) + Lpidya — aD'a = (v, 0 +8T7) — aD'ov.
We now rewrite GBI = Ak Gt = Aklaid Gy, = FAUT ) = 4T, which holds
because (S)ijl = I'ji;, which in turn is true because vy = gi;. So finally we get:

(3t - Bkak)ﬁi = a2(7iD$V + Viijlekl) - OWijaja

3. Generalized Harmonic formulation:
Choose coordinates such that
gagljxﬁ =H,,

where H, = H,(t, xt, guw) are functions that can be freely chosen.
a) Using our results from 1. & 2. we find:

(0, — B*Op)a = —a(H, — B'H; + oK)

(0, — B*0k) B’ = oy [a(H; + v*'Tj1a) — 050

b) The Einstein equations are

1 1
—596dacadgab - V(aHb) + QCdgef (8egcaafgdb - Facerbdf) = 8w (Tab - §gabT)

where we have the constraint
r,.=-Hd,.

¢) We choose coodinates by specifying H,. The resulting system of equations is manifestly
symmetric hyperbolic because it has the same principal terms (highest derivative terms) as
a wave equation for each metric component g,,. This is important, because it implies that
the system is well-posed.



