
Numerical Relativity - PHY 6938

Solutions to HW 5

1. Recall that two covariant derivative operators differ by a tensor C l
ik, e.g.

Diwk = D̄iwk − C l
ikwl.

Read Wald’s book if you do not believe this.
Let’s start with

R l
ijk wl = DiDjwk −DjDiwk

and note DiDjwk = D̄i(D̄jwk − Cm
jkwm)− C l

ij(D̄lwk − Cm
lkwm)− C l

ik(D̄jwl − Cm
jlwm).

Thus R l
ijk wl = DiDjwk −DjDiwk = R̄ l

ijk wl + (2D̄[jC
l
i]k + 2Cm

k[iC
l
j]m)wl.

If Diγkl = 0 and D̄iγ̄kl = 0, we have

Ck
ij =

1

2
γkl(D̄jγli + D̄iγlj − D̄lγij).

We use this for the case of γij = ψ4γ̄ij, γ
ij = ψ−4γ̄ij, and find D̄iγjk = 4ψ3γ̄jkD̄iψ =

4γjkDi lnψ, which leads to

C l
ij = (4δl(iD̄j) − 2γ̄ij γ̄

klD̄k) lnψ.

Then the Riemann tensor is R l
ijk = R̄ l

ijk + 2D̄[jC
l
i]k + 2Cm

k[iC
l
j]m = R̄ l

ijk + 4δl[iD̄j]D̄k lnψ −
4γ̄lmγ̄k[iD̄j]D̄m lnψ+8(D̄[i lnψ)δ

l
j]D̄k lnψ−8(D̄[i lnψ)γ̄j]kγ̄

lmD̄m lnψ−8γ̄k[iδ
l
j]γ̄

mn(D̄m lnψ)D̄n lnψ.

So the Ricci tensor becomesRik = R l
ilk = R̄ik−2D̄iD̄k lnψ−2γ̄ikγ̄

lmD̄lD̄m lnψ+4(D̄i lnψ)D̄k lnψ−
4γ̄ikγ̄

lm(D̄l lnψ)D̄m lnψ.
Form this we can compute the Ricci scalar and find

R = ψ−4R̄− 8ψ−5D̄kD̄
kψ.

[Note: D̄iD̄j lnψ = D̄i(ψ
−1D̄jψ) = −ψ−2(D̄iψ)D̄jψ+ψ

−1D̄iD̄jψ. So ψ
−1D̄iD̄jψ = D̄iD̄j lnψ+

ψ−2(D̄iψ)D̄jψ = D̄iD̄j lnψ + (D̄i lnψ)(D̄j lnψ).]

2. Let’s start with Dj(ψ
nSij) = nψn−1SijDjψ + ψnDjS

ij and replace Dj by D̄j and C l
ij as

in 1.
Take into account that Sij is symmetric. We then find

Dj(ψ
nSij) = ψn[D̄jS

ij + (10 + n)SijD̄j lnψ − 2γ̄jkS
jkD̄i lnψ].

3. Since (LW )ij := DiW j + DjW i − (2/3)γijDkW
k, we need DiW j = γimDmW

j =
γim(D̄mW

j + Cj
mkW

k).
With the Cj

mk from 1. we find:

(LW )ij = ψ−4(L̄W )ij

1



4. We have γij = ψ4δij. Thus D̄i = ∂i. Now from 3. we find (Lβ)ij = ψ−4(L̄β)ij =
ψ−4(∂iβj + ∂jβi − (2/3)δij∂kβ

k).
Here we have βi = ϵijkΩjxk (where we sum over j and k). Thus (Lβ)ij = 0.

5. If γij = ψ4δij the ADM mass is given by

MADM = − 1

2π
lim
r→∞

∮
S

∂jψdS
j.

If we construct puncture initial data and solve the Hamiltonian constraint for u we obtain
ψ = 1 +

∑
A

mA

2rA
+ u as conformal factor. This results in

MADM =
∑
A

mA − 1

2π
lim
r→∞

∮
S

∂judS
j =

∑
A

mA − 1

2π
lim
r→∞

∫ π

0

∫ 2π

0

(∂ru) sin θ dθdϕ.

[Im letzten Integral fehlt ein Faktor r2.]
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