Numerical Relativity - PHY 6938
Solutions to HW 5

1. Recall that two covariant derivative operators differ by a tensor C,, e.g.

Diwk = Dlwk — Clk,wl

(2

Read Wald’s book if you do not believe this.
Let’s start with
lekwl DDwk—DDwk
and note D; Djwy, = D;(D;wy — Chiwm) — C’ij(Dlwk — Crmwy,) — Ch(Djw; — Ciiwm).

Thus R;j'w; = D;Dywy — DiDywy = Ryjtwy + (2D Ol + 2C5Ch Yy
If Dy =0 and Dy = 0, we have

1 B _ _
Ch = 57’“’ (Djmi + Dy — Divig)-

We use this for the case of v;; = ¥, ¥¥ = %59, and find Dy = 43y Dip =
47, D;In, which leads to

ij = (45éiDj) — 297" Dy) In .

Then the Riemann tensor is R,;,' = Ry, +2D;C, + ZC,Z?lCJl]m = Ry +40,D;) Dy In¢) —
4”ylm7yk[1D D,,1n ¢—|—8(D[1 lnw)5l Dy Iny— 8(D[l ln Lb)’yj W™D, Inp— 8'yk[15l m"(D In w)D In .
So the Ricci tensor becomes R, = Rzlk = R;y,—2D; Dy, In—27;;:7'"™ D, D,, In ¢+4(D In Q/J)Dk Iny—

4’7¢k’?lm<Dl 111 ¢)Dm hl 77/)

Form this we can compute the Ricci scalar and find
R =19"*R — 8)~°D,D".

[Note: D;D;Intp = Dy(¢y~' D) = —¢p~*(Dyp) Do+~ DiDyjap. Sop~'D;Djib = D; D Inep+
(D) Dyyp = DiDjlny + (D; Inep)(D; Iny)).]

2. Let’s start with D;(¢"SY) = nyp"'SYD;1p + ¢"D;SY and replace D; by D; and C; as
in 1.
Take into account that S¥ is symmetric. We then find

D;($"59) = ¢"[D; S + (10 +n)SY D; Iny) — 29,45 D' In ).

3. Since (LW)9 := D'W/ 4+ DIW' — (2/3)7yDW*, we need D'W7 = ™D, W’ =
(D W+ CFWH).
With the €7 from 1. we find:

(LW = LWy

1



4. We have v;; = ¢*5;;. Thus D; = 9;. Now from 3. we find (LB)Y = ¢=4(LB)Y =
VO + 07 B — (2/3)8 O B").

Here we have 8! = €7%Qiz* (where we sum over j and k). Thus (LB)¥ = 0.

5. If ;; = 1*0;; the ADM mass is given by

MADM = —— lim 6 @Z)dSJ
S

QT r—oo

If we construct puncture initial data and solve the Hamiltonian constraint for u we obtain
Y =1+>,52 +u as conformal factor. This results in

1 2
MADM_ZmA——hm 8udSJ ZmA——hm// (Oru) sin 6 dode.
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[Im letzten Integral fehlt ein Faktor r2.]



