Numerical Relativity - PHY 6938
Solutions to HW 4

1. Let’s start with ®R_, “wy = D, Dyw.—DyDyw, and note D, Dyw, = v oY% f(fyg’yﬁvdwe).
Now we use V)V vd = 71V (07 + ngn®) = 7] (n?V gng + ngVn?) = 5/~] (nVng +
g
'y[’;%ﬁﬁvaﬁvadwe. Now use n‘w, = 0 to obtain vgnevdwe = —'y{fwevdne = K,°w.. Thus
2D Dywe = 2K 1o Ky w2792V (i Vawe = (Kea Kpe— Ko Kae +70 00 121062V [V g Jw® =
(KeaKpe — Koy Koe)w® + 71787902V 4V e, which gives ®Rypqw? = 2D Dyw. = (KaeKpe —
Ky Kge +7§75%6,Rf;’6)w6 = (Ko Kph — Kpe Kap, +7§7§7§R€fgh)wh and thus using w" = yfw?
we finally find the Gauf}-Codazzi relation

0) = Kabnd- S0 D[an]wc = c[anefyafydvdwe + ’Y[J;’Yf,]]’Y?’Yg’Yﬁvadwe = Kc[a’)/g}nevdwe +

(3)Rabcd = KoeKpg — Kpe Kogqg + '727{727513”#9”

Next we start with D, Ky = 15757 Va(—=71IVgns) = =757 vEVaV =iyl (Vard) (Vany)
—Ya VvV aV gy =577 (04 Vanen?) (Vonyg) = =i I VaVyng =190 (Vane)n?Vng =
Ve VIV aVens =l (= Kae)n?Vgns = =077V aVeny =7 (= Kap)nVgny. Thus Dy Ky~
DyKoe = =297V 14V gny — 0 = —ydyeryd Ry /ng, which gives the Codazzi-Mainardi rela-
tion

DKy — DpKoe = _vgrygfygnngefg'

2. We start with n?Vyn, = n?Vy(—aV,t) = —n4(Vaa)Vat — n4aV, Vit = n,niVylna +
nlaVy(ng/a) = nan?Valna — aVy(l/a) = nan?Vylna + V, In o which we can rewrite as
niVin, = ¢°(Veylna + n’n?Vyilna) = (72 — nnb)(Vylna + nbniVyilna) = Dylna + 0 —
n*(n*Vylna —niVylna) = D,Ina. So

ndvdna =D,In«
Next we consider K3, = —'yl‘fvdnc = —(ggl + nbnd)Vdnc = —Vn.—nyD.Ina, so
Vne = —Kp. — npyD.1n cx.

To make progress note Rapegn? = VoVine — VoVane = —(Vo(Kpe + npDeIn o) — V(K. +
neD:.In)) = VKot (Vpng) Do In a+n,VyD. In a—(a <5 b) = Vy Kye— (Kpo+1p Do In ) D In a+
naVpyDc.Ina — (a <> b)

So 4Py (VaViyne — ViVane) = venty5(VeKee — (Kbo + nyDo In ) Do Ina + 1,V D Ina —
(a b)) = ygnbvg(VbKac—nb(Da Ina)D.Ina—V  Kp+n.(DyIna)D.Ina—nyV,D.Ina) =
vgvg(nb(VbKac — VoK) + (DgIna)D.Ina + V,D.Ina) = 7gyg(nbeKac + Kp Vonb +
(DyIna)D.Ina + VD, Ina), where in the last step we used —n’V,Kj. = K,.V,nb —
Va(anbc)'

So now fygnbyg(vavbnc—vbvanc) = fygfyg(nbeKac—i—ch(—Kab—nan Ina)+(D, Ina)D,In a+
V.D.Ina) = ygyg(nbeKac ~ KK+ (Dylna)D.Ina + V,D.In )

This already contains n°V,K,. which is one term of a Lie derivative: £,K,. = n’V Ky +
Ky Van® + Ky Ven® = 0PV Koo + K (=Ko — naDyIna) + K ' (— K4 — n.DyIn )

1



Since £, K4 is purely spatial we can write it as £, K.y = yfjvgfanac = ngg(nbeKac —
chKab - Kachb) = ngg(nbvaac - 2chKab)

With this 7n5(VaVyne—VyVane) = 1875 (£n Koo+ 2K, Koy — K " Ko+ (Do Ina) D In o+
VoD lna) = £,K,, + KgbKeb + (Delna)Dylna+ DDy ln a.

Now note D.D,Ina = D.((D,a)/a) = (DeDya)/a — (Dya)(Decr)/o* = (DeDya) /v —
(Delna) Dy In a.

Thus we finally get 72n'ysRusean® = A0 5(VaVine — ViVane) = £aKey + K"K, +
(D.Dya)/a

So finally:

D.D,o
vgnb’y;Rabcdnd = £nKeg + KgbKeb + X

3. From W = e 2% and ¢ = £ Invy we get

oW = %(aK — ;8 + oW



