
Numerical Relativity - PHY 6938

Solutions to HW 3

1. If G = c = 1:
a) 1 = c ≈ 3× 108m/s, thus 1s≈ 3× 108m
1 = G/c2 ≈ [6.7× 10−11/(3× 108)2]m/kg, thus 1kg≈ 7.4× 10−28m
1m/s = 1m/(3× 108m) ≈ 3× 10−9

1m/s2 = 1m/(9× 1016m*m) ≈ 1× 10−17/m
b) mω = 0.05 thus ω = 0.05/1000m, but 1m≈ 3× 10−9s. So ω ≈ 15000/s

2. a) Since na = −α∇at and x0 = t we obtain nµ = (−α, 0, 0, 0).
Consider tµ = dxµ

dt
, then tµ = (1, 0, 0, 0). With αna + βa = ta this leads to nµ = (1,−βi)/α

b) γab := gab + nanb. So since γabna = 0 we have γµ0 = 0 and γij = gij. One can show that
g0k = βk and g00 = −α2 + βkβ

k, thus γ0k = βk and γ00 = g00 + n0n0 = βkβ
k

c) γikγkj = γiµγµj = (giµ + ninµ)γµj = giµγµj = giµ(gµj + 0) = δij

3. γab := gab + nanb
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b k∇c∇dt. Since ∇c∇dt is symmetric, Kab is also symmetric.
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d = −1 we have nd∇cnd = 0. Kab = −γc
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d) £nγab = £n(gab + nanb) = ∇anb +∇bna + nc∇c(nanb) + ncnb∇an
c + nanc∇bn
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b£T∇at. Now we use Sa
b∇at = 0 and£T∇at = ∇a£T t to obtain (∇at)£TS

a
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−Sa
b∇a£T t. Now use £T t = T c∇ct = tc∇ct = ∂tt = 1 where we defined tc = T c + βc. So

finally (∇at)£TS
a
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b∇a1 = 0, and thus (£TS
a
b)na = 0

Thus we found (£TS
a
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a
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b) Using the usual Lie drivative formula as in a) we see that £TS
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But (α£nS

a
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a
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a∇cα. The latter is not necessarily

zero. It is zero only if the lapse is constant over spatial slices.

Note: (£nS
a
b)na = £n(S

a
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b£nna and £nna = nc∇cna + nc∇an
c = nc∇cna +

0. Furthermore nc∇cna = nc∇c(−α∇at) = −αnc∇c∇at − (∇at)n
c∇cα = −αnc∇a∇ct −
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c∇cα = α[(nc/α)∇anc−ncnc(∇aα)/α
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c∇cα =
0 + (∇aα)/α + (na/α)n

c∇cα = ∇a lnα + nan
c∇c lnα. Which gives the same result.
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