Numerical Relativity - PHY 6938
Solutions to HW 3

1L.IG=c=1

a) 1 =c~ 3 x 10%m/s, thus 1s~ 3 x 10°m

1=G/c* ~[6.7x 1071 /(3 x 10%)?Jm/kg, thus lkga 7.4 X 10~ *m

Im/s = 1m/(3 x 10°m) ~ 3 x 107°

Im/s? = 1m/(9 x 10*%m*m) ~ 1 x 10717 /m

b) mw = 0.05 thus w = 0.05/1000m, but 1m~ 3 x 107%. So w ~ 15000/s

2. a) Since n, = —aV,t and 2° = ¢ we obtain n, = (—,0,0,0).

Consider t* = %~ then ¢* = (1,0,0,0). With an® + 8% = t* this leads to n* = (1, —%)/«
b) Yab := Gap + NaMp. So since v*n, = 0 we have v*° = 0 and Vij = Gij- One can show that
gor = B and gog = —a® + B3%, thus yor = Bi and ye0 = goo + none = Bif*

) Vs = Y 5 = (9" + 0t )y = 9"y = 9" (g +0) = 0

3. Yab := Gab + Ny
a) Since Yn?® = 0, Kgn® = 0 = Kun®

b) K = —¥iVeng = =Y (VatVek + kV.Vat) = —yvi([na/k]V ek + kV . Vat) =
—vgvglkrvcvdt. Since V.Vt is symmetric, K, is also symmetric.
¢) Since ngn? = —1 we have n?V.ng = 0. Koy = —7(98Veng + myn?Veng) = —y<Veny + 0

d) £2%ab = £0(gap + nanp) = Vany + Vng + nVe(ngng) + nengVent + ngn.Vyn® = Vang +
Ving +nmpnVeng +n,nVeny +0 = (95 +nan¢)Veny + (g5 +mn)Veng = YiVenp + 75 Ven, =
—fNgh — Kba = _2Kab

4.
a) £p8% = T°V.9% + S°Vy(an®) — 9V .(an®) = anV.S% + aS°Vyn® — aS9V.n* —
SenVe.a since S4n, = 0 = S%n’. So n’LrS% = an’n°V.S% + aSen’Vin® — 0 =

a(n’n°V.S% + S4n°V.n) = anv.(n’S%)] = 0. We can also see that (V,t)£75% =
L£r(S4V,t)—=8% £rV,t. Now we use S4V,t = 0and £V, t = V, L7t to obtain (V,t) £15% =
—S4VoLrt. Now use £t = TVt = t°V.t = Oit = 1 where we defined t¢ = T° 4 5°. So
finally (V,t)£75% = —=9%V,1 =0, and thus (£75%)n, =0

Thus we found (£75%)n, = 0 = (£75%)n® and £75% = aL,5%.

b) Using the usual Lie drivative formula as in a) we see that £75% = a.£,S% + S*n“Vya —
Sen*Ve.a = af,S% — S4n*V.a. We thus find (£,5%)n’ = 0.

But (af£,5%)n, = ng£75% — 0+ S9n*V.a = 0+ S9n*V.a. The latter is not necessarily
zero. It is zero only if the lapse is constant over spatial slices.

Note: (£,5%)n, = £,(S%n.) — S%Lang and £Lyn, = nVen, + n.Vyn® = nVen, +
0. Furthermore n°V.n, = n°V.(—aV,t) = —an‘V .Vt — (Vt)n°V.oo = —anV, V.t —
(Vat)nVea = an®V,(n./a)+(n./a)nV.a = af(n./a)Van.—nn.(V,a)/a?+(n. /a)nV.a =
0+ (Vea)/a+ (ng/a)nVea = VyIna + n,nV.Ina. Which gives the same result.



