
Numerical Relativity - PHY 6938

HW 6

Hand in problems 2. and 3. of this homework.

READ: Chap 4., Appendix B.

NOTE: This HW is about the generalized harmonic system that is often used in numerical
evolutions instead of the 3+1 based BNSSOK or Z4 systems.
Since 1. is a bit tedious, you are not required to hand it in.

PROBLEMS:

1. Show that the Ricci tensor can be written as

Rab = −1

2
gcd∂c∂dgab +∇(aΓb) + gcdgef

(
∂egca∂fgdb − ΓaceΓbdf

)
,

(1)

in any coordinate system. Here

∇aΓb := ∂aΓb − gcdΓcabΓd,

where ∇c denotes the covariant derivative compatible with gab, and Γa ≡ gbcΓabc is the trace
of the standard Christoffel symbol Γabc:

Γabc =
1

2
(∂bgac + ∂cgab − ∂agbc). (2)

NOTE:
In harmonic coordinates, Γa = 0, so the only second-derivative term remaining in the Ricci
tensor is gcd∂c∂dgab. Therefore in harmonic coordinates the vacuum Einstein equations,
Rab = 0, form a manifestly hyperbolic system.

2. Consider □xα = gµν∇µ∇νx
α.

a) Express □xα in terms of partial derivatives of gµα :=
√

|g|gµα
b) Express □xα in terms of Γα

c) Express □x0 = □t in terms of lapse derivatives and K. HINT: start from ∇µnµ.
d) Relate □xi to derivatives of the shift (and lapse) and Christoffel symbols.
HINT: expressing □xi = (γµν − nµnν)∇µ∇νx

i and noting that nν∇νx
i is a scalar (that can

be expressed in terms of lapse and shift) may be helpful.

3. Generalized Harmonic formulation:
Choose coordinates such that

gαβ□xβ = Hα,

where Hα = Hα(t, x
i, gµν) are functions that can be freely chosen.

a) Use your results from 1. & 2. to find both (∂t−βk∂k)α and (∂t−βk∂k)β
i in terms of Hα.
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b) Rewrite the Einstein equations (of the form Rµν = 8π(Tµν− 1
2
gµνT )) in terms of gµν∂µ∂νgαβ

and first derivatives of gµν and Hα.
c) Compare your result from b) to a wave equation □ϕ = s with source s. Argue that
the principal terms (the terms with the highest derivatives) obey wave equations. [This is
important, because it means the system is symmetric hyperbolic and thus well-posed with
nice numerical properties.]
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